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Motivation

small spatial scales

resolved scales gravity waves

GWs are not fully resolved by GCMs and NWP models ⇒ parametrization
⇒ (Wentzel�Kramers�Brillouin) WKB theory

Currently used parametrizations: equilibrium pro�le of the wave �eld,
steady state background wind, fully linear theory ⇒ the resolved �ow
(mean �ow) does not know about the GWs propagating through it ⇒ the
GW momentum is deposited instantenously to the mean �ow at height of
wave breaking

Proposal for improvement: weakly nonlinear coupling between the waves
and the resolved �ow ⇒ continuous interaction between the wave and the
mean �ow during the propagation
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WKB theory

Wave resolving equations (2-D Euler equations, no rotation):

Du

Dt
+ cpθ

∂π

∂x
= 0

Dw

Dt
+ cpθ

∂π

∂z
+ g = 0

Dθ

Dt
= 0

Dπ

Dt
+

κ

1− κ
π

(
∂u

∂x
+
∂w

∂z

)
= 0

with D
Dt

= ∂
∂t

+ u ∂
∂x

+ w ∂
∂z

Exner pressure π = (p/p0)κ

Pot. temperature θ = T (p0/p)κ = T/π

κ = R/cp

Simpli�cation ingredients:

Decomposition of the �elds: f = f + fb + fw

WKB ansatz: fw(x, z, t) = ReFw(Z, T )e
i
[
kx+

φ(Z,T )
ε

]
with Z = εz, T = εt, m = ∂φ/∂Z and ω = −∂φ/∂T
Scaling for the gravity waves: ε = Lw/Hθ << 1: weak strati�cation

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



WKB theory

Wave resolving equations (2-D Euler equations, no rotation):

Du

Dt
+ cpθ

∂π

∂x
= 0

Dw

Dt
+ cpθ

∂π

∂z
+ g = 0

Dθ

Dt
= 0

Dπ

Dt
+

κ

1− κ
π

(
∂u

∂x
+
∂w

∂z

)
= 0

with D
Dt

= ∂
∂t

+ u ∂
∂x

+ w ∂
∂z

Exner pressure π = (p/p0)κ

Pot. temperature θ = T (p0/p)κ = T/π

κ = R/cp

Simpli�cation ingredients:

Decomposition of the �elds: f = f + fb + fw

WKB ansatz: fw(x, z, t) = ReFw(Z, T )e
i
[
kx+

φ(Z,T )
ε

]
with Z = εz, T = εt, m = ∂φ/∂Z and ω = −∂φ/∂T
Scaling for the gravity waves: ε = Lw/Hθ << 1: weak strati�cation

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



WKB theory

Wave resolving equations (2-D Euler equations, no rotation):

Du

Dt
+ cpθ

∂π

∂x
= 0

Dw

Dt
+ cpθ

∂π

∂z
+ g = 0

Dθ

Dt
= 0

Dπ

Dt
+

κ

1− κ
π

(
∂u

∂x
+
∂w

∂z

)
= 0

with D
Dt

= ∂
∂t

+ u ∂
∂x

+ w ∂
∂z

Exner pressure π = (p/p0)κ

Pot. temperature θ = T (p0/p)κ = T/π

κ = R/cp

Simpli�cation ingredients:

Decomposition of the �elds: f = f + fb + fw

WKB ansatz: fw(x, z, t) = ReFw(Z, T )e
i
[
kx+

φ(Z,T )
ε

]
with Z = εz, T = εt, m = ∂φ/∂Z and ω = −∂φ/∂T

Scaling for the gravity waves: ε = Lw/Hθ << 1: weak strati�cation

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



WKB theory

Wave resolving equations (2-D Euler equations, no rotation):

Du

Dt
+ cpθ

∂π

∂x
= 0

Dw

Dt
+ cpθ

∂π

∂z
+ g = 0

Dθ

Dt
= 0

Dπ

Dt
+

κ

1− κ
π

(
∂u

∂x
+
∂w

∂z

)
= 0

with D
Dt

= ∂
∂t

+ u ∂
∂x

+ w ∂
∂z

Exner pressure π = (p/p0)κ

Pot. temperature θ = T (p0/p)κ = T/π

κ = R/cp

Simpli�cation ingredients:

Decomposition of the �elds: f = f + fb + fw

WKB ansatz: fw(x, z, t) = ReFw(Z, T )e
i
[
kx+

φ(Z,T )
ε

]
with Z = εz, T = εt, m = ∂φ/∂Z and ω = −∂φ/∂T
Scaling for the gravity waves: ε = Lw/Hθ << 1: weak strati�cation

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



WKB theory

At leading order O(ε2): dispersion-, and polarization relations ⇒ ray

equations

At next order O(ε3): wave action conservation and the mean-�ow

equations

The coupled system (Achatz et al., 2010, Muraschko et al., 2015):

Wave �eld

dgz

dt
= ∓

Nkm

(k2 +m2)3/2
≡ cgz

dgm

dt
= ∓

k

(k2 +m2)1/2
dN

dz
− k

d ub

dz
≡ ṁ

dg A
dt

= − A
∂cgz

∂z

(
dg

dt
=

∂

∂t
+ cgz

∂

∂z

)

Mean �ow

∂ ub

∂t
= −

1

ρ

∂

∂z

[
ρ

2
Re (UwW

∗
w)

]
= −

1

ρ

∂

∂z
(kcgz A )

ρ = ρ(z) = ρ0e
−z/H H =

RT0

g

Problem: if rays crossing ⇒ caustics: several m at same height z ⇒ e.g.
cgz multivalued BUT! A = A(z, t) ⇒ wave action conservation ill-de�ned
⇒ numerical problems
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WKB theory in phase space

m

z

N (z,m, t)

Hertzog et al., 2002,
Muraschko et al., 2015

Solution: extension of the model to a 2D phase space (z,m)

"Slicing up" the wave action density to several m intervals ⇒
phase-space wave action density:

N (z,m, t) =

∫
R

Aα(z, t)δ[m−mα(z, t)]dα

Eulerian view

∂N
∂t

+
∂(cgzN )

∂z
+
∂(ṁN )

∂m
= 0

... and we have
∂cgz
∂z

+ ∂ṁ
∂m

= 0

Lagrangian view

∂N (z,m, t)

∂t
+ cgz

∂N (z,m, t)

∂z
+ ṁ

∂N (z,m, t)

∂m
= 0
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∂m

= 0

Lagrangian view

∂N (z,m, t)

∂t
+ cgz

∂N (z,m, t)

∂z
+ ṁ
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WKB theory in phase space

Coupled wave - mean�ow equations in phase space:

Wave �eld

drz

dt
= ∓

Nkm

(k2 +m2)3/2
≡ cgz

drm

dt
= ∓

k

(k2 +m2)1/2
dN

dz
− k

d ub

dz
≡ ṁ

dr N
dt

= 0

(
dr

dt
=

∂

∂t
+ cgz

∂

∂z
+ ṁ

∂

∂m

)

Mean �ow

∂ ub

∂t
= −

1

ρ

∂

∂z

[
ρ

2
Re (UwW

∗
w)

]
= −

1

ρ

∂

∂z
(kcgzA)

= −
1

ρ

∂

∂z

∞∫
−∞

kcgz N (z,m, t)dm

phase space wave action density N conserved along ray trajectories

multiple m values allowed at each location z → spectral
(non-monochromatic) treatment → no caustics problems

extension to Muraschko et al., 2015: isothermal background with variable

density ρ = ρ(z) = ρ0e
−z/H H = RT0

g
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∂

∂m

)

Mean �ow

∂ ub

∂t
= −

1

ρ

∂

∂z

[
ρ

2
Re (UwW

∗
w)

]
= −

1

ρ

∂

∂z
(kcgzA)

= −
1

ρ

∂

∂z

∞∫
−∞

kcgz N (z,m, t)dm

phase space wave action density N conserved along ray trajectories

multiple m values allowed at each location z → spectral
(non-monochromatic) treatment → no caustics problems

extension to Muraschko et al., 2015: isothermal background with variable

density ρ = ρ(z) = ρ0e
−z/H H = RT0

g

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



WKB theory in phase space

Coupled wave - mean�ow equations in phase space:

Wave �eld

drz

dt
= ∓

Nkm

(k2 +m2)3/2
≡ cgz

drm

dt
= ∓

k

(k2 +m2)1/2
dN

dz
− k

d ub

dz
≡ ṁ

dr N
dt

= 0

(
dr

dt
=

∂

∂t
+ cgz

∂

∂z
+ ṁ
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Wave breaking parametrization

Weakly nonlinear WKB: wave breaking not considered

saturation occurs if static instability sets in (Lindzen 1981), i.e.
∂θw/∂z + dθ/dz < 0 or, after an additional multiplication by g/θ

∂bw
∂z

+N2 < 0

with the ansatz bw(x, z, t) = ReBw(Z, T )e
i

[
kx+

φ(Z,T )
ε

]
with m = ∂φ/∂Z this

amounts in
|m||Bw| > N2

this monochromatic criterion can be generalized for a spectrum by taking
its integral over the vertical wavenumber:

∞∫
−∞

(m|Bw|)2dm =

∞∫
−∞

m2f(N )dm > α2N4

where α is a parameter accounting for the uncertainty of the criterion

If the saturation criterion is ful�lled the wave action density N is reset

layer-wise to a value that sets back stability
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Numerical experiments

Methodology

LES: fully non-linear wave resolving reference (PincFloit, Rieper et al., 2013)

WKB-eu: Eulerian WKB model

WKB-la: Lagrangian WKB model

Cases

refraction by a jet: Ujet weak ⇒ m only slightly modi�ed

re�ection from a jet: Ujet ≥ N
k

(
1− k√

k2+m2

)
⇒ m and cgz changes sign

static instability: amplitude growing until static instability

modulational instability: |m| ≈ |k| ⇒ wave packet is shrinking, its amplitude growing

→ static instability

critical layer: Ujet ≈ −cp ⇒ m grows to in�nity, wavepacket collapses

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



Numerical experiments

Methodology

LES: fully non-linear wave resolving reference (PincFloit, Rieper et al., 2013)

WKB-eu: Eulerian WKB model

WKB-la: Lagrangian WKB model

Cases

refraction by a jet: Ujet weak ⇒ m only slightly modi�ed

re�ection from a jet: Ujet ≥ N
k

(
1− k√

k2+m2

)
⇒ m and cgz changes sign

static instability: amplitude growing until static instability

modulational instability: |m| ≈ |k| ⇒ wave packet is shrinking, its amplitude growing

→ static instability

critical layer: Ujet ≈ −cp ⇒ m grows to in�nity, wavepacket collapses

SPARC Symposium, State College, 17 May 2016 Coupled gravity-wave raytracing



Numerical experiments

Induced wind, refraction by a jet (λx = 10km, λz = 1km)

Rieper et al., 2013

a): LES

b): conventional WKB raytracer
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Numerical experiments

Wave energy, re�ection from a jet (λx = 10km, λz = 1km)
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Numerical experiments

Wave energy, partial re�ection from a jet (λx = 6km, λz = 3km)
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Numerical experiments

Static instability (λx = λz = 1km)
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Conclusions

Caustics problem resolved: comparison with LES shows that the WKB
phase-space concept is working well in an isothermal atmosphere like

background too.

The Lagrangian raytracer is very e�cient: factor of 10-100 compared to
the Eulerian model and factor of 1000-10000 compared to LES ⇒ the
Lagrangian model is the main candidate for future work

The Lagrangian WKB model has been supplemented with a wave

breaking parametrization, which can slightly improve the �t to LES.

However! the WKB model without the breaking parametrization works

surprisingly well → the most important part of the wave - background
interaction is the weakly-nonlinear coupling and NOT wave breaking or
wave-wave interactions

There is a good reason to try out fully coupled transient approaches in
GW parametrizations and go beyond the non-acceleration theorem
applied in most current schemes
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