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Large-ensemble perturbed-parameter forward ice-flow modeling can provide useful insights to uncer-
tainties in inversions for basal drag or other ice-flow parameters. Inversion and data assimilation provide 
estimates of poorly known parameters that are essential for accurate prognostic modeling. Because ice 
flow depends on many such parameters with their associated uncertainties, which may interact in nonlin-
ear ways, full uncertainty assessment for parameter estimates is challenging. With rising computational 
power, it is increasingly practicable to explore co-dependencies and sensitivities. Here, we use a well-
characterized higher-order flowline model configured for a well-lubricated (“shelfy”) ice stream to run 
large ensembles, perturbing the magnitude and spatial pattern of basal drag, basal topography, and in-
put flux. We find for steady state that ice-stream velocity and thickness along the entire domain are 
especially correlated to drag at the downstream end, but with greater local correlation during transients. 
The modeled effects of basal topographic perturbations on velocity and ice thickness are primarily local. 
Perturbations of input ice fluxes interact with the others in interesting ways. These insights point to the 
value of inversions informed by concentrated observations during forced transients such as lake-drainage 
events, accumulation-rate fluctuations or ice-shelf losses, and to the care needed when interpreting local 
results of some inversions for basal-drag parameters.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

Sea-level rise remains one of the most consequential, but uncer-
tain, aspects of climate change (e.g., Oppenheimer and Alley, 2016). 
Ice sheets hold by far the largest reservoir of potential sea-level 
rise (e.g., Lemke et al., 2007), so uncertainties regarding ice-sheet 
behavior are especially important. Changing snowfall and melt can 
affect ice-sheet mass balance and thus sea level, but the potential 
for large and rapid sea-level change arises especially from possi-
ble changes in flow of or calving from the fast-moving ice streams 
that drain the large inland reservoirs (e.g., Joughin et al., 2012;
DeConto and Pollard, 2016). Models of fast-moving ice thus are of 
considerable importance in assessments of impacts of changing cli-
mate.

In common with many other geophysical models, ice-flow mod-
els rely heavily on parameterizations. For example, ice deformation 
may occur by dislocation glide or climb, grain boundary sliding, 
migration of point defects, and other processes (e.g., Alley, 1992;
Goldsby and Kohlstedt, 2001), leading to changes in grain size, c-
axis fabric, and defect character and abundance that feed back on 
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the deformation. Much is understood about many of these pro-
cesses, but few ice-flow models seek to simulate them explicitly, 
instead replacing this complexity with a representative power-law 
dependence of strain rate on stress.

The numerical values of a suite of parameters then must be 
specified in some fashion, including a power, a prefactor, and per-
haps an enhancement factor (which may be a scalar or a tensor) 
and an activation energy. All of these may be functions of mea-
surable quantities, varying with position, temperature, age of ice, 
accumulated deformation, applied stress or other controls. Estima-
tion of functions may be done based on laboratory data addressing 
fundamental ice physics or ice deformation. Again, in common 
with other geophysical modeling, parameter estimation is increas-
ingly done through data assimilation or inversion techniques, using 
the observed characteristics of an ice stream or streams to estimate 
the parameters and quantify their uncertainties.

A formal argument can be made (Nielsen-Gammon et al., 2010)
that the total number of parameters applicable to a geophysi-
cal model is essentially unbounded; with more observations, one 
could estimate more parameters in ways that would improve 
model fits and might improve the ability of models to project fu-
ture changes. Observed data are always limited, however, and thus 
inadequate to estimate all the parameters that a process-based sci-
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entist could suggest. Hence, a subset of parameters must be chosen 
for optimization, and the errors associated with the choice as well 
as the optimization should be considered before assimilating data 
for parameter estimation.

As discussed by Nielsen-Gammon et al. (2010) addressing me-
teorological models, parameters should be chosen that are identi-
fiable, distinguishable and preferably monotonic. Identifiable pa-
rameters are those that detectably affect observable aspects of 
the behavior of the model. Individual impacts that are monotonic 
functions of parameter values allow accurate parameter estimation 
with quantifiable uncertainties, in particular when using a best lin-
ear unbiased estimator such as the ensemble Kalman filter (EnKF) 
(Evensen, 1994; Houtekamer and Zhang, 2016). And, the effects of 
distinguishable impacts can be isolated and optimized.

Based on the ensemble sensitivity analysis of a large num-
ber of perturbed-parameter experiments in Nielsen-Gammon et 
al. (2010), successful parameter estimation experiments with the 
EnKF assimilating real-data observations were conducted that led 
to improved parameterization of atmospheric boundary processes 
and consequently improved atmospheric state estimations (Hu et 
al., 2010). Similarly, based on systematic sensitivity analysis of 
a large ensemble of perturbed-parameter forward-model experi-
ments in Shi et al. (2014), the EnKF assimilation of multivariate, 
high temporal resolution, in-situ measurements from a local wa-
tershed can efficiently and effectively optimize key parameters in 
physically-based land surface hydrologic models (Shi et al., 2015).

Here, we conduct an ensemble sensitivity analysis on a subset 
of parameters that we consider important in a simple but well-
characterized higher-order ice-stream model (Parizek and Walker, 
2010; Parizek et al., 2010, 2013). We focus on parameters that 
strongly affect flow and can be measured or estimated from mea-
sured quantities, including basal topography and friction, and input 
flux, varying thickness and input velocity separately or together. 
Following Nielsen-Gammon et al. (2010) and Shi et al. (2014), we 
report on a large suite of forward simulations varying these param-
eters within likely ranges, and we assess nonlinearities, interac-
tions, and influence. These simulations produce insights described 
below, which we believe will prove useful in data assimilation go-
ing forward. In particular, we find strong reason to conduct ensem-
bles of model runs across the uncertain parameters to accurately 
characterize total model uncertainties, and to focus data collection 
and data assimilation on transient systems to improve characteri-
zation of local conditions. Additional results are given in Li (2018).

2. Experimental design

Experiments are conducted for a reference ice stream using 
the 2-D PSU flowline model (Parizek and Walker, 2010; Parizek 
et al., 2010, 2013). This is a well-characterized finite-element 
model that has been applied in many ways (e.g., Parizek et al., 
2010, 2013; Christianson et al., 2013; Applegate et al., 2015;
Holschuh et al., 2017). It is run here in a higher-order flowband 
mode, configured to resemble a Siple Coast, West Antarctica ice 
stream (e.g., Bentley, 1987) without exactly matching any particu-
lar ice stream. Grid resolution is 500 m, reduced down to 50 m at 
domain boundaries for the momentum balance, with 35 vertically-
stretching layers in the ice (∼30-m spacing, reduced to a few 
meters at the upper and lower boundaries for the momentum bal-
ance).

Flowband width is specified constant at 100 km, wide enough 
that side drag is not especially important. Initially, ice 1054-m 
thick flows into the 50-km-long region of interest at 228 m/yr. An 
otherwise gently sloping bed (deepening along flow with a slope 
of −0.003 from an upstream depth of −200 m) includes a single 
Gaussian topographic feature centered at 25 km along flow of ex-
tent (standard deviation of the Gaussian) 2 km along flow, which 
Fig. 1. Sketch of the ice-stream model, showing the topographic feature with am-
plitude A, and the different regions of bed friction B1-B5 from upstream to down-
stream.

is perturbed from the reference height A = 50 m for assessment of 
effects of basal topography (Fig. 1). The basal friction coefficient is 
perturbed from the reference value Bb_o = 1.3 × 106 Pa s1/3 m−1/3, 
providing a well-lubricated ice stream for which basal sliding dom-
inates motion.

For each experiment, we start with steady-state conditions, per-
turb parameters instantly, and then run toward a new steady state 
for at least 100 yrs (some experiments are extended to 200 yrs, 
as indicated below). For each 0.5-km-long grid box along the ice 
stream, we calculate at 20-yr intervals (10-yr intervals in some 
cases) the ensemble correlation—the correlation between the per-
turbed model parameter(s) and the modeled thickness, and sepa-
rately the modeled surface velocity, for the 51 members included 
in each ensemble. This ensemble size was chosen to be large 
enough to give statistically significant results without overly tax-
ing computer resources.

The (near-steady) correlation values at the end of each experi-
ment show the sensitivity of thickness and surface velocity to the 
poorly known parameters, of interest in assessing uncertainties in 
inversions and for informing decisions about observational cam-
paigns to reduce uncertainties. The nonsteady values are also of 
interest, because significant natural perturbations can occur over 
timescales short compared to our 20-yr reporting interval. For ex-
ample, drainage of subglacial lakes can redistribute basal drag on 
subannual timescales (e.g., Gray et al., 2005), evolution of basal to-
pography has been observed over few-year timescales (e.g., Smith 
et al., 2007), and kinematic waves can affect flux and thickness 
rapidly (e.g., Nye, 1960).

We perturb this steady-state model as follows. For bottom ter-
rain height (A), we perturb the amplitude from 0.5 to 1.5 of the 
control value in steps of 0.02 while maintaining the same ex-
tent along flow. For the basal friction coefficient Bbo, we perturb 
from 0.5 to 1.5 times the control value in steps of 0.02; this is 
applied either to the entire domain uniformly, or we divide the 
domain into five 10-km-long segments with B1 (upglacier) to B5 
(downglacier) and apply perturbations to each, randomly chosen 
from the range used for Bbo. We also perturb input flux by 1% or 
5%, or separately perturb the thickness or input velocity by 5%. Per-
turbation magnitudes were chosen to be large enough to provide 
significant changes, but to fall within the range of uncertainties 
that might occur in existing datasets. For experiments addressing 
particular parts of an extant ice sheet, perturbation magnitudes 
can be chosen based on the available data.

The various perturbations are modeled individually, or together 
with random perturbations of other parameters. The full suite of 
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Table 1
List of experiments.

Expt # A B1 B2 B3 B4 B5 Qflux Qspeed Qdepth

1a +/−50%
1b +/−50% = B1 = B1 = B1 = B1
1c +/−50% +/−50% = B1 = B1 = B1 = B1
2 +/−50% +/−50% +/−50% +/−50% +/−50%
3 +/−50% +/−50% +/−50% +/−50% +/−50% +/−50%
4a +/−50% +/−50% +/−50% +/−50% +/−50% +/−5%
4b +/−50% +/−50% +/−50% +/−50% +/−50% +/−1%
5 +/−50% +/−50% +/−50% +/−50% +/−50% +/−50% +/−5%
6a +/−50% +/−50% +/−50% +/−50% +/−50% +/−50% +/−5%
6b +/−50% +/−50% +/−50% +/−50% +/−50% +/−50% +/−5%
6c +/−50% +/−50% +/−50% +/−50% +/−50% +/−50% +/−5% +/−5%
experiments discussed here is detailed in Table 1. Some of the 
experiments use ensembles that uniformly sample the parameter 
space (e.g., terrain height) whereas others provide a probabilistic 
sample from the parameter space. We conducted additional ex-
periments, some of which are reported in Li (2018), to more fully 
explore the influence of parameter uncertainties.

3. Results

Here, we briefly review the main results of the experiments, 
presenting figures showing the more instructive ones and provid-
ing additional figures in the Supporting Material.

3.1. Experiments with basal friction coefficient independent of position

In Experiment 1a, we vary terrain height A. Results are shown 
in Fig. 2, in a form that will be followed for subsequent plots. 
Results for times 20, 40, 60, 80 and 100 yrs after the initial per-
turbation are color-coded. The left-hand panels show the spatial 
pattern of the correlation between the thickness (top row) and ve-
locity (bottom row) for each time, and the corresponding standard 
deviations of the ice thickness (top) and surface velocity (bottom) 
are shown in the right panels.

A higher topographic bump causes additional form drag, leading 
to thicker ice upstream (hence positive correlation for x < ∼20 km) 
and slower velocity there (negative correlation) due to the constant 
influx boundary condition, with time-evolution downstream lead-
ing to thinner, faster ice there. Thickness and velocity are affected 
strongly over the bump itself, as shown by the large standard de-
viation there, with smaller effects upstream of the bump and very 
small effects downstream.

Uniform perturbation of the basal friction coefficient over the 
whole domain (Experiment 1b; Fig. S1a) generates strong corre-
lations over the entire domain, with higher friction giving slower 
and thicker ice for all times. Effects on thickness are larger at the 
upstream end, as the input flux is held fixed, and steady state is 
not reached after 100 yrs.

The combined effects of perturbations of terrain height A cho-
sen randomly from Experiment 1a and basal friction coefficient Bbo
chosen randomly from Experiment 1b are shown in Fig. S1b (Ex-
periment 1c). The effects of both variables are clearly evident in 
correlations and standard deviations. For the magnitudes of pertur-
bations applied here, the basal friction coefficient is more impor-
tant (correlation magnitudes generally greater than 0.8 and nearly 
1.0 except over the bump, compared to correlation magnitudes for 
terrain height of <0.2 except transiently over the bump).

3.2. Experiments with spatially variable basal friction coefficient

All subsequent experiments vary the basal friction coefficient 
within the same range as before, but, as described above, with five 
independent values chosen randomly from the same distribution as 
before, and applied to segments B1 from 0-10 km, . . . , to B5 from 
40-50 km along flow. For Experiment 2, all else is held constant 
except for the basal friction values (other parameters are varied 
in additional experiments described below). The results are shown 
in Figs. 3a and 3b. Consistent with the results described above for 
spatially uniform values, higher B correlates with slower, thicker 
ice. A perturbation has an important impact within its own seg-
ment and in all segments farther upglacier, with smaller influence 
downglacier. Correlations are largest for the downglacier-most seg-
ment B5, and smaller for all others.

The standard deviations show that thickness changes are largest 
upglacier, and velocity changes are largest downglacier. Changes 
in both thickness and velocity increase over time, as shown by 
the standard deviations in Figs. 3a and 3b, except for some initial 
decrease in velocity sensitivity, likely due to spin-up interactions 
with the fixed input flux.

Correlations also evolve over time as the influence of a segment 
spreads upglacier. This is especially true for the downglacier seg-
ment 5; its influence grows to dominate conditions in the whole 
domain, with a coupled decrease in the importance of the other 
segments.

Experiment 3 was then run, combining perturbations of B1-B5 
with perturbations of terrain height A, again with all perturba-
tions randomly chosen from the ranges previously specified, and 
an ensemble of 51 runs generated. These Experiment 3 runs are 
extended to 200 yrs.

As shown in Fig. S2a-c, the effect of adding perturbations in A 
to those in B1-B5 is similar to the effect of adding perturbations 
in A to Bbo. The correlation structures are recognizably similar to 
those for which A is held constant; for the perturbation magni-
tudes chosen, B is more important than A. The topographic pertur-
bations A are most important in the flowline segment containing 
the topographic feature. The topographic perturbations reduce the 
correlation coefficients between downglacier friction (B5) and up-
glacier velocity and thickness (segments 1 and 2), especially for 
short times while those correlations are increasing toward their 
steady values.

By the end of the 200-yr runs, the correlation coefficients are 
nearly steady (Figs. S2a-b), and are shown in Fig. 4. The standard 
deviations (Fig. S2c), however, continue to evolve, showing that 
the thickness and velocity have not yet fully reached steady state. 
Fig. 4 shows the local importance of the topography, and the dom-
inant influence of the friction coefficient in the downglacier-most 
segment on the entire flowline.

3.3. Experiments adding variable ice input to domain

Experiments 4-6 repeat Experiments 2-3, but with the addi-
tion of variable ice input at the upglacier end. In Experiments 
4-5, the input flux is varied, with perturbation values randomly 
selected from a Gaussian distribution with zero mean and stan-
dard deviation of 0.05 (i.e., 5% uncertainty in the default ice input 
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Fig. 2. Results of Experiment 1a, varying terrain height A. Shown are the correlation between A and ice thickness (upper left) and surface velocity u (lower left), and standard 
deviations of thickness (upper right) and velocity (lower right).
flux) for Experiments 4a and 5, and zero mean and standard de-
viation of 0.01 (i.e., 1% of the default input flux) for Experiment 
4b, with the random choices of other perturbed variables from 
their ranges used in Experiments 2-3. In these Experiments 4-5, 
the model dynamically partitions the variable flux into changes 
in velocity and thickness. In Experiment 6, the input velocity and 
thickness are varied separately, with perturbation values randomly 
selected from a Gaussian distribution with zero mean and stan-
dard deviation of 0.05, applied to input velocity in Experiment 6a, 
to thickness along the whole domain in 6b, and to both in 6c (see 
below). Experiments 4a and 4b otherwise repeat Experiment 2 in 
maintaining fixed topography (A) and randomly choosing spatially 
variable basal friction coefficients (B1-B5). Experiments 5 and 6 
repeat Experiment 3 in randomly choosing perturbations in both 
basal topography (A) and friction (B1-B5). Experiments are sum-
marized in Table 1.

The results of Experiment 4a are shown in Figs. S3a-c. The 
model solves the momentum balance before the mass balance, and 
with the highly lubricated bed, this primarily partitions the input-
flux perturbations into velocity perturbations rather than thickness 
perturbations; thus, the model produces little correlation between 
input flux and thickness along the domain, but strong positive cor-
relation between input flux and velocity. The correlations with 
B1-B5, and their time-evolution, maintain the same form as in 
Experiment 2, with little change in magnitude for thickness but 
reduced magnitude for velocity, reflecting the strong velocity cor-
relation to input flux. Reducing the perturbations on input flux to 
1% in Experiment 4b (Figs. S4a-c) preserves the same basic pat-
terns, but reduces the strength of correlation between input flux 
and velocities along the domain, shifting the results towards those 
from Experiment 2 with no variation of input flux.

The results of Experiment 5, repeating Experiment 3 with the 
addition of input-flux perturbations, are shown in Figs. S5a-c. As 
before, introduction of input-flux perturbations primarily affects 
velocity, and otherwise the results from Experiment 3 are repeated.

Finally, in Experiments 6a-6c, we perturb thickness and inlet 
velocity, together with basal topography and drag. Thickness is 
perturbed along the whole flowband to simulate domain-wide un-
certainty in surface and basal elevations. Results are shown for 5% 
perturbations on inlet velocity (S6a-c) and separately on thickness 
(S7a-c), and on both inlet velocity and thickness (S8a-c). Faster ice 
flow at the upglacier end produces faster ice flow along the whole 
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(a)

(b)

Fig. 3. (a) Results of Experiment 2, independently varying friction B1, . . . , B5. Shown are the correlation between B for each section and ice thickness, as indicated, together 
with the standard deviation of thickness (lower right). (b) As in Fig. 3a, but showing the correlation to surface velocity u, and the standard deviation of the surface velocity.
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Fig. 4. Results of Experiment 3, independently perturbing topography and friction in different segments. Shown, at the end of 200 yrs, are correlation between either thickness 
(left) or surface velocity (right), and terrain height A and friction coefficients B1, . . . , B5.
domain, transmitted rapidly downstream in this well-lubricated 
system. Large changes in thickness or inlet velocity dominate the 
correlations, but the structure of the remaining, small correlations 
to friction and topography remains similar to results with fixed in-
let thickness and velocity as shown above.

4. Discussion

Use of data to invert for uncertain model parameters is of great 
and increasing value in glaciological modeling (e.g., MacAyeal et 
al., 1995; Vieli and Payne, 2003; Joughin et al., 2004, 2006; Vieli 
et al., 2006; Goldberg and Sergienko, 2011; Larour et al., 2012;
Morlighem et al., 2013; Zhao et al., 2018; and many more), in-
cluding time-evolving as well as “snapshot” data (e.g., Walker et 
al., 2012; Larour et al., 2014). Most commonly, the data used in-
clude ice-surface velocities and elevations, which usually are avail-
able with greater accuracy and higher spatial resolution than other 
relevant fields. Bed elevations are often included, providing ice 
thickness. Other data (deformation of internal layers, bed character, 
borehole deformation, c-axis fabrics, ice temperature) have been 
used, or may be used in the future. Parameters estimated may in-
clude basal friction or the basal flow law more generally, as these 
are needed for time-stepping. Such estimates may be affected by 
uncertainties in ice flux from internal deformation, as well as by 
uncertainties in the thickness and velocity data themselves.

Following, e.g., Nielsen-Gammon et al. (2010), we conducted 
a suite of forward ice-stream simulations, generating ensembles 
for perturbations of key parameters including basal friction, bed 
topography, and upglacier velocity and ice flux, and we have cal-
culated the correlations of these parameters to surface velocity and 
ice thickness. The results of similar studies applied to actual data 
could be used to optimize field programs seeking to reduce uncer-
tainties. Because even such improved data will still include uncer-
tainties, the techniques discussed here are also useful to estimate 
errors that these uncertainties introduce to inversions, allowing 
improved estimates of uncertainties in ensemble projections.

In addition to addressing such uncertainties, the runs here pro-
vide some insights to ice-stream response to time-varying condi-
tions. Input flux may be perturbed significantly by kinematic waves 
propagating downglacier (e.g., Nye, 1960). Basal lubrication evolves 
in response to numerous processes, some of which remain poorly 
characterized. For example, waves may develop in the basal wa-
ter system as well as in the ice (e.g., Kyrke-Smith et al., 2014), 
with subglacial outburst floods providing an extreme example (e.g., 
Winberry et al., 2009). Unconsolidated beds can evolve rapidly, 
with Smith et al. (2007) having documented sediment erosion at 
1 m yr−1 over 6 yrs and deposition of a drumlin 10 m high and 
100 m across over 7 yrs beneath an Antarctic ice stream, and 
Motyka et al. (2006) showing widespread bed-elevation changes 
including erosion at 3.9 m yr−1 over 14 yrs beneath Taku Glacier, 
Alaska. The potential for rapid changes is particularly large in the 
grounding zone of marine-ending glaciers, where numerous pro-
cesses interact (e.g., Horgan et al., 2013). One can use site-specific 
knowledge to assess likely perturbations and their magnitude, and 
then apply ensemble simulations to assess their importance to the 
ice stream.

Our runs highlight several potentially interesting avenues for 
further research. These include:

→ The perturbations of basal topography we simulated have 
significant local effects on thickness, but much smaller effects be-
yond the topographic disturbance either upglacier or downglacier, 
and relatively smaller effects on flow velocity;

→ Perturbations of basal friction as well as topography initially 
have strong local effects; but

→ With increasing time, the effects of perturbations in basal 
friction extend upglacier, and as steady state is approached, the 
“buttressing” effects of perturbations beneath the downglacier-
most segment grow to exceed the effects of local perturbations 
along the entire domain, strongly focusing attention on grounding-
zone processes;

→ Large uncertainties in input flux can obscure other controls 
on thickness and velocity.

We emphasize that we analyze results from one control setup 
of one model, which has not been exactly matched to any real ice-
sheet setting. Our study thus does not directly address any past, 
ongoing, or future data-assimilation projects. We believe, nonethe-
less, that adding correlation analyses such as this one to future 
projects can improve the fidelity of those results. Incorporating 
data for nonsteady systems can be especially useful.

5. Conclusions

Uncertainties in inversions for basal drag or other ice-flow pa-
rameters can be estimated usefully with large-ensemble perturbed-
parameter forward ice-flow modeling. This technique also can pro-
vide insight to the influence of time-varying forcing on ice-stream 
flow. Broader application of this technique thus could be used to 
improve prognostic models of ice-sheet behavior.
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We find that drag at the downstream end is especially impor-
tant in controlling steady-state motion along the full length of an 
ice stream, but that local conditions are more important during 
transients. This in turn recommends focusing field observations in 
the grounding zone, and using time-varying conditions to estimate 
conditions upstream.
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